DSE Mathematics Module 1

1.

1. Binomial Expansion

Binomial Expansion

Foundation Knowledge Area

1. Binomial expansion 1.1 recognise the expansion of (a + b)", where n is a
positive integer
Section A
I (a) Expand e inascending powers of x as far as the term in x* .
(b)  Let » beapositive integer. If the coefficient of x* in the expansion of ¢™* (1 + 4x)"
is -38.Find n .
(6 marks) (2019 DSE-MATH-M1 Q6)
2. Let & be a constant.
(a)  Expand ¢ +e** inascending powers of x as far as the termin x?.
(b)  Ifthe coefficient of x and the coefficient of x® in the expansion of (1 —3x)%(e'“ +er - 1)
are equal, find %.
(6 marks) (2018 DSE-MATH-M1 Q6)
3. (&)  Expand (1 +e’ )Z in ascending powers of x as far as the term in x?.
(b) Find the coefficient of x? in the expansion of (5 —x)4 (1 +e ).
(6 marks) (2017 DSE-MATH-MI Q5)
4. Let k be a constant.
(a) Expand ¢ in ascending powers of x as far as the term in x* .
(b) If the coefficient of x in the expansion of (1+2x)”e* is 8 , find the coefficient of x* .
(5 marks) (2016 DSE-MATH-MI Q5)
5. (a) Expand e™ in ascending powers of x as far as the term in x .
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(2 +x)

e4.\f

(b) Find the coefficient of x? in the expansion of

(5 marks) (2015 DSE-MATH-M1 Q5)

. . d 1
The slope of the tangent to a curve S at any point (x,y) on S isgiven by d_y = (Zx— ;) 5
X

where x>0.
Apoint P(1,5) lieson §.
(a) Find the equation of the tangentto S at P.

(b) (i) Expand (Zx - l) ’
X

(ii) Find the equation of § for x>0.
(7 marks) (2014 DSE-MATH-M1 Q3)

4
(a) Expand (u +l) in descending powers of .
u

! N . .
b Express (e® +e™ ] inascending powers of x up to the termin x7.
p g p p

(c) Suppose the coefficient of x* in the result of (b) is 2. Find all possible values of .
(5 marks) (2013 DSE-MATH-M1 Q1)

Let n be a positive integer.

(@  Expand (1+3x)" inascending powers of x up to the term x.

(b)  Itis given that the coefficient of x* in the expansion of ¢ (1+3x)" is 62. Find the value

of n.
(4 marks) (2012 DSE-MATH-M1 Q1)

(@  Expand (2x+1).
(b) Expand e™ in ascending powers of x as far as the term in x°, where a is a constant.
2x+1)
(c) If the cocfficient of x* in the expansion of L# is =4 , find the value(s) of a.
e

(5 marks) (PP DSE-MATH-M1 Q1)

Expand the following in ascending powers of ~x as far as the term in X’
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(@ ™
6
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o
(4 marks) (SAMPLE DSE-MATH-MI QI)
Math & Stat
11. () () Expand (x+y+z) .

(if) Find the coefficients of Xy , Xz, w»’, yz, xZ

and yz° in the
expansion of (x+y+z)*.

(b) If a cup is randomly selected from a box containing red cups, blue cups and green cups, the
probabilities of getting a red cup, a blue cup and a green cup are p, g and r respectively.
If 4 cups are randomly selected from the box one by one with replacement, find, in terms of
p,qandr,
(i) the probability that at least 2 cups of different colours are selected;
(ii) the probability that exactly 3 cups of the same colour are selected.

(7 marks)

(2004 ASL-M&S Q4)
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2%

12.  (a) Expand ¢ inascending powers of x as far as the term in x°.

1

(1+x)?

2x

(b) Using (a), expand in ascending powers of x as far as the term in x° .

State the range of values of x for which the expansion is valid.
(6 marks) (1999 ASL-M&S Q2)

1 1
1++1-x T x

Prove that (1— I—x) for x<1 and x#0 .

1

3 1 Lo 1 z

(b) Let I = |?————=dx . By considering the expansion of ———=in ascending powers
I§1+ 1-x 1++41-x

of x as far as the term in x’, estimate the value of /

(c) Let J= L . Can we use the same method in (b) to estimate the value of .J?

1 1 i
21441-x
Explain your answer.
(7 marks)
(2011 ASL-M&S Q1)

Suggested modification

1400 -1 A
14. (a) Expand 5 in ascending powers of x as far as the term in x>,
X
02 (1+x)"° -1 . .
(b) Let /= - -————dx . By using (a), estimate the value of 7 .
- Pa

(c) Determine whether the estimate in (b) is an over-estimate or an under-estimate.

1.4
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1. Binomial Expansion @ Q)
=1+2% +e M
(3x) (62)* M £ di 3% o 5%
1. (2019 DSE-MATH-M1 Q6) —]+2[I+3x+ ] {1+6x+ = + or expanding €
(@) P =44+12x+27x2 4 1A
32
=14 (-180)+ S8 1:‘) 5 e 2
=]1-18x +162x% 4+ 1A (I+1+3x+(3x) ) iIM | forexpanding &
02

(®)  (+4x)" =)+ @@)Bx)+ BN+ ) —’2‘—}« M

=1+C] (4x) +C5 (42)% -+ CT (4x)" M e e "

=14+ 4C X +16Cx 4o 4 472"

s ®  6-»
16C5 -72C7 +162=-38 M =54 =C{ (5) 5+ CJ (5352 = C (5)° +* M
n{n-1) =625-500x +150x% - 20x° + x*
16(—»—-—-)-72n+162=-—38 5
: Lokt iy o M ithhold 1M if the step is skipped
2. - = (625)(27) + (~500)(12) + (150)(4) withhold 1M i
n-10n+25=0 IM oy ik
n=5 1A n(6)
“““““ (6) (a) Very good. Most candidates were able to expand (1+¢>%)% .
(b) Very good. Most candidates were able to find the coefficient of x* .

2. (2018 DSE-MATH-M1 Q6)

@) e
2
[}.,.gx.,.(k") J+[x+2x+£2~;>_+m] iIM | forexpanding ¢** or &%
=24 (k+2)x+ @ ;‘ x4 1A
®  (-3F
=14+ Cf(=3%) + CH(-3x) 4 M
wle24x+ 2522 4000
P Tl
-.I+(k+2)x+(k2+4) 74
(0, +2) + (-24)(0) = (1){" *“]+(-24)(k+z)+(252)a) IMIM
K50k +456=0
k=12 or k=38 1A
0

3 (2017 DSE-MATH-M1 Q5)

Marking 1.1 Marking 1.2
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(@ &~
2

=14l + ey o

2!

2.3
=1+ bc+~k—x— e 1A

2

®)  (+2x)7e”
k2x?
=(1+C7 0+ Cl@? +- +2x) Tkt ™M
Kx?
= (1+14x+84x2 ok (2x)7 Lot ——+ J
S H+k=8 M
k=-6
The coefficient of x?.
-6
=1 =5 +14(-6) + 84)(1) M
=18 1A
—c)
(a) Very good. A very high proportion of the candidates were able to expand e while some]
candidates were unable to simplify the coefficient of x* .
(b) Very good. More than 70% of the candidates were able to find the coefficient of x>
while a small number of candidates made carel istakes in expanding (1+2x)7 .

Marking 1.3
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5. (2015 DSE-MATH-MI Q5)

) i
2z
=1+ (=4x) + ——(_427) Hoo

=1=4x+8x% - ..

b  (2+x°

=22 +Cl 2N x+Ci 22 + 4+

=32+80x+80x% 4+ 4+ x°

The required coefficient
= (1)(80) + (=4)(80) +(8)(32)
=16

@

®)

4x

Very good. Most candidates were able to expand ™ while a few candidates failed to

show working steps.

Very good. Most candidates were able to find the coefficient of x* while a few

candidates made a carless mistake in  expanding @2+x)°  as
22 +Ci Y+ CI @) 44X
6. (2014 DSE-MATH-M1 Q3)
dy )
(@) —‘ :(2-1——
d;(l.ﬁ) 1J
=1 1A
Hence the equation of tangent is y—5=1(x~1) .
ie. x—-y+4=0 1A
p [2x-2 ’ =(2x)° -3(2x)% i +3(2x)] L 1-(1)3 M
() ) |2x 5] = g p =
:8:’—12x+§—LJ 1A
X x
1 3
@) y= J.[Zx—-—) dx
X
- I[sx’ -12x+§-L]Ju by )
X x
=2x‘—6x2+61n|x{+—lz—+c M
2x
Since P(1,5) lieson S, 5=2(])‘—6(1)1+6ln|1[+2(:)2+C. IM
ie. C:—ll
2
Hence the equation of S is y=2x*-6x* +61nx+2—1—1-+-157- for x>0 .| 1A
X
)
(a) Very good.
(b) (i) | Excellent.

(ii) | Satisfactory.
Some candidates did not know Iidx= Infx{ + C, or wrote jljdx = —iz or
. * = x

1
2t

Marking 1.4
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7. (2013 DSE-MATH-MI1 Q1)

4 2 3 4
o (el ] )
u u 1 U u

=u"’+4u2+6+-iz+— 1A

ax +e-va.\')4

() (e

=e*™ 142 464+ 4072 4™

[ dax (4ax)“

+4[1+

=1+4ax+8a°x* +4+8ax+8ax> +6+4—8ax+8a%x2 +1—dax+8a2x2 4.
=16+32a%x> ++--

~2ax  (-2a%)°
I

1

u ?l4

by (a) M
2ax  (2ax)’
s i :[+4{1+ m +~————2! +~--]+6
—dax (~dax)?
2 J [H 1 +T+'"J M

1A
)

(c) 3222=2
gt =l
16
a:il
4
@®
@®
©

Excellent. A few candid; glected the requi ‘ind ding powers of u’ when

va v+
expanding [u+—| .
u
Satisfactory. Some candidates repeated steps in (a) because they did not make use of the fact that

e = % . Some candidates were not able to use power series of an exponential function, while
e

some others expressed (e +¢"%)* in powers of **

Poor. Many candidates were not able to get the correct answer of (b), hence failed to get the answer

for this part.

Marking 1.5
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8. (2012 DSE-MATH-M1 Q1)

@ (+3%)" =1+C0@x)+CI3%)% +

=1+3ut+—9-f£"2———1)—x2 +

@) 43 = {1+(—2x)+( 2") ][]+3nx+&’(—gii)x’ +}

=(1-2x+2x° +--~){1-1r3m¢+2’"—("2:—1—)-::2 +:|

9"(” 2= | oany+2-1=62

on? -21n 120 0

n=5 xor — (re)ected);

1. Binomial Expansion

20?%
21

1A For 1+(-2x)+ e

(4)

(@) | Very good. A minority of candidates, however, did not simplify the results obtained.
. ; -8
® Very good. A minority of candidates, however, did not reject the negative root e

9. (PP DSE-MATH-M1 Q1)
@ e+ =8x+12x% +6x+1

2

2

by e =l-ax+d

2.2
© -@—i”— @2%+124° +(u+1)[1—ax+“2* —)
e

2
The coefficient of x* = 12(1)+6(~a)+ (1)“7

2
a

. L _6a+12=—4
2

a*=12a+32=0
a=4 or 8

(a)
(b)

(c)

el - REBBERGE IHXRA -
Btk DB SEA R B RN HE BB R
B - SRS A R IEHERR (b) fUESH -

10.  (SAMPLE DSE-MATH-M1 Q1)

(@) e =1+(- 2x)+( 2")

=1-2x+2x% 4o
1+2x)°
pex;

() =[1+6Q2x) +15(2x)2 -] e 2

= (1412 +60x2 +--)(1 - 2x + 2x% 42
=14+10x+38x% +- -

Marking 1.6

1A [For 1+6(2x) +15(2x)% +---

M For using (a)

1A (pp-1) if dots were omitted
in most cases
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11. (2004 ASL-M&S Q4)

(& @

(D)

® @

(x+y+z)?
= x? +y2 +z2 +2xy+2yz+2xz -

Note that
(x+y+z)‘
= (2 4y +27 +2xp+2pz +2x2)(x? + p2 + 22 4 2xp+ 2z +2x7)
Thus, we have
the coefficients of x°y , x*2 , x*, »*z | xz* and 32°
= DH@)+@0
-4

The required probability
=1-pt—gt—r

—

= 53 |, /], =

1. Binomial Expansion

14

1M can be absorbed
1A

1M for complementary probability + 1A.

The required probability
= (p+g+r)t—pt =gt
= 1-pt gt

The required probability
= (p+g+n)t-pt-g*-r!
= (p*+¢ +r2 +2pg+2gr+2pr)(p? +gt 417 +2pg+2gr+2pn)~p —g* —r*
= prgt 4t wapig+apir+apg’ +agPr +4pr} agrt +
6p%q* +6p*rt +6g°r? +12p%qr +12pg*r +12pgr? - p* —g* =14

-4;’q+4p3r+4pq3 +4917+4pr] +4qu 4-6171:;2 -r-szr2 +éqzrz +12p2gr+12pq2r +12pqu

@

The required probability
= 4p°q+ por+pg® +r+ priegrt)

1A for (5%a+ p°rsp® +¢*rs o’ 49y +.
1A for all being correct

The required probability
= 4P~ P)+4g° (1~ ) +4r° (1)

1A for (P*(-p)+g*U-g)+r (1=r))+
1A for all being correct ;

The required probability
= 1-(p* +4* +r* +6 %6 +6p%r% +6¢%* +12p%gr +12pg"r +12pq7%)

14 for (p'+¢" +1* +60°¢ +602 +64%*
+12pzqrj-_12pq2r -kllpqr") +
1A for all being correct T

—

Fair. Many candidates did not make use of the fact that
p+q+r=1, which simplifies the expressions.

Marking 1.7
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